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ABSTRACT 
A generalization of the classical ergodic mixing theorem 
is given, valid for arbitrary topological semigroups. Conditions 
under which the tensor product of two representations has no 
fixed points are obtained and these yield simple necessary and 
sufficient conditions for the Cartesian product of two measure 
preserving transformations to be ergodic, 
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1. INTRODUCTION 
Let (X, S, µ) be a finite measure space with µ(X) = 1 and T 
be a measure-preserving transformation on X. Tis called weakly 
mixing if 
n-1 
( i ) 1 im ! I I µ ( E n T-j F) - µ ( E) µ ( F) I = o 
n j=O 
for all measurable sets E, F. If Tis invertible then the ergodic 
mixing theorem (see Halmos [6, p.39]) establishes the equivalence 
of (i) with each of the following two conditions: 
(ii) The unitary operator U on L 2 (X) induced by T has 
continuous spectrum on the subspace of L 2 (X) orthogonal to the 
constant functions. 
(iii) The cartesian product T x T on the product space 
(X x X, S x S, µ x µ) is ergodic. 
In [3], H.A. Dye obtained an abstract mixing theorem 
considerably more general than the above. Instead of the semi-
group of non-negative integers he considered an arbitrary amenable 
n-1 
topological semigroup. The operation lim ! I was replaced by 
n j=O 
almost convergence and the condition that Uhas continuous spectrum 
was replaced by the condition that the representation Ug should 
have no finite-dimensional subrepresentation. 
More recently, B. Kronfeld [7] has considered the Cartesian 
product S x T of two invertible measure-preserving transformations 
and has shown that if Sand T have discrete spectrum then a 
necessary and sufficient condition that S x T be ergodic is that the 
spectra have trivial intersection. The aim of this work is two-
fold. Firstly we show that the amenability condition assumed by 
Dye may be dispensed with, and obtain a mixing theorem valid for 
arbitrary topological semigroups. Secondly by considering the 
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tensor product of two possibly different representations we 
generalize and somewhat strengthen Kronfeld's result. To avoid 
repetitious arguments we obtain both results as one theorem. This 
has one minor disadvantage. To obtain the required generalization 
of Kronfeld's theorem we apparently have to assume some invertib­
ility conditions on the representations. These are not necessary 
in the case of one repeated representation but nonetheless will be 
assumed. 
A brief note on amenability seems to be called for. The 
equivalence between amenability and the fixed-point property (see 
e.g. Greenleaf [5], p. 49) shows that the validity of various
ergodic theorems on general Banach spaces depends strongly on the 
amenability condition. However if we restrict our representations 
to Hilbert space (or more generally to uniformly convex spaces) the 
amenability assumption may then be safely dropped. 
tion is more explicitly made in [l]. 
2. PRELIMINARY RESULTS
This distinc-
Dye obtained his mixing theorem by extending the traditional 
Peter-Weyl theory. Our arguments are more elementary, relying 
basically on an ergodic theorem of Birkhoff and properties of 
positive-definite functions. Since however we .deal with semigroups 
rather than groups, some minor technical difficulties (not present 
in the group case) arise. 
By a topological semigroup, we mean a semigroup S which is 
also a topological space such that multiplication is separately 
continuous. 
The following ergodic theorem is due to Birkhoff [2] and is 
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analogous to Day's fixed point theorem without the amenability 
condition. 
Theorem 2.1. Let H be a Hilbert space, Sa topological semigroup 
and g ~ Ug a weakly continuous representation or anti-representa-
tion of Son H such that I !Ugl I < 1 for all g ES. Let 
M = {x EH: Ugx = x for all g Es} and for x EH, let Kx be the 
closed convex hull of {U x : g ES}. g Then for all x EH, Kx n M 
consists of exactly one point which is simultaneously 
(i) the projection of x on M 
(ii) the point of K with minimum norm. 
x 
Positive-definite functions on semigroups may be introduced 
in the following way. 
Definition 2.2. Let S be a topological semigroup. A complex-
valued function¢ on Sis called positive-definite if there exists 
a Hilbert space H, a (weakly) continuous isometric representation 
g ~ Ug of Son Hand a vector x EH such that ¢(g) = (Ugx,x) for 
all g ES. 
We write¢# (H, U ,x) and note that¢ E CB(S), the Banach g 
algebra of continuous, bounded functions on S. Denote by P the 
set of positive definite functions on S. For groups, this 
definition is equivalent to the usual one. In particular if x 
is cyclic then the representation g ~ U is uniquely determined to g 
within unitary equivalence. For semigroups this does not seem 
to be the case since we only assume Ug to be isometric. So any 
properties of¢ which depend on the particular representation 
will have to be shown properly defined. 
The following lemmas give the properties of positive-definite 
4 
functions which we will require. They generalize to semigroups 
the well-known properties of these functions on groups. For proofs 
in the case where S is a group, we refer the reader to [41. 
Lemma 2.3. Let¢, � E P, a� 0. Then a¢, ¢ + �, ¢�and¢ all E P.
Further, P contains all the non-negative constants.
The proofs of the first two properties imply that every 
finite linear combination of positive-definite functions is of the 
This in turn implies 
Lemma 2.4. The set V of finite linear combinations of positive-
definite functions is a left and right translation invariant 
subalgebra of CB(S), closed under complex conjugation and containing
the constants. 
Now let f E CB(S). Denote by K� the (norm)-closed convex 
hull of {hf : h ES} and by K� the (norm)-closed convex hull of
{fh : h ES}. 
fh (g) = f (gh)). 
(Here hf' fh are defined by hf(g) = f(hg) and
Definition 2.5. f is called left (right) ergodic if K� (K�) 
contains a constant function. f is called ergodic if it is both 
left and right ergodic. 
Lemma 2.6. If f is ergodic then K� and K� contain precisely one
and the same constant denoted by m(f). 
Lemma 2.7. Every positive-definite function is ergodic. If 
¢ E P with ¢ -& (H, Ug' x) then m(¢) = 11 Pxl 1
2 where P is the
projection onto the subspace M of invariant elements of H. 
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This lemma can now be applied to prove the existence of an 
invariant mean on V. 
Lemma 2.8. There exists a unique linear functional m on V 
satisfying 
(i) lm(<j))j < ll<Pllco 
(ii) m(l) = 1 
(iii) m(g<P) = m(<j)g) = m(<j)) for all g ES 
(iv) m(<j)) ~ 0 if <PE P or if <P ~ 0. 
Remark. The properties (i)-(iv) are proved for groups in [4]. 
To prove uniqueness we argue as follows: let m' be any linear 
functional on V satisfying (i)-(iv). Define 
< x,y > = m' [(Ugx,y)] where g ~ Ug is some isometric 
representation of Son H. Then<,> is a bounded bilinear form 
on H so that there exists a bounded linear operator A on H with 
< x,y > = (Ax,y). A is self-adjoint by (iv) and by (iii) we have 
AUg =A= UgA for all g ES. 
For x EH, a 1 , ••• an> O, ~ai = 1, g 1 , ••• gn ES we have 
A(~a.u x) = Ax 
1 gi 
so that by continuity Ay = Ax for ally E Kx. In particular 
with y = Px (P the projection onto the invariant subspace) we 
obtain AP= A= PA. But since AU =A= U A it follows from g g 
a standard separation theorem that for all x, Ax E Kx. Hence we 
may use the fact that P(~a.u x) = Px to obtain PA= P = AP. 
1 gi 
Hence A= P and m' = m. Som is unique. 
Now let g ~ Ug' g ~ Vg be two weakly continuous isometric 
I 
representations of Son Hilbert spaces H, H respectively. 
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Fix x 0 EH, y� E H
1 
and for x EH, y E H 1 define 
[ Note that by l.emma 2. 3, <P (h) = (x., Uhx 0 ) (Vhy� ,y') E V so that
< x,y' > is well-defined}. Then <, > is a bounded bilinear 
form on H x H
1 
so that there exists a bounded linear operator 
A: H 'H' such that 
Proposition 2.9. A is a compact operator which satisfies
Proof. For g ES, (AU x,y') = m[(U x,Uhx 0 ) (Vhy�,y')]g h g 
= � [ ( U gX I Ugh X O ) ( V g h Y � I Y I ) ]
(by translation invariance of m). 
So 
To show A compact, let {xn} CH be weakly convergent to O.
It suffices to show that liml !Axnl I = O.
I I Axn I I 2 = ( Axn, Axn)
= m[(xn,Uhx 0 ) (Vh
y�,Axn)]
= m(<P
n 
(h)) say.
We have 
Now let J be a conjugation on H, i.e. J is a conjugate linear 
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operator such that J2 
For g ES define UJ = 
g 
=
I and (Jx, Jy) 
Then g-+ 
isometric representation of Sand 
�n(h) = (xn,Uhxo) (Vhy�,Axn)
( 
J
• = UhJx 0 ,Jxn) (Vhy 0 ,Axn) 
= (y,x) for x,y EH. 
U
J is a weakly continuous 
g 
= ((U� � Vh) (Jx 0 � y�), Jxn � Axn)
so that using lemma 2.7, 
where Q is the projection onto the subspace of H � H
1 
of all 
elements invariant under the representation g-+ UJ � V .  But 
g g 
since {xn} is weakly convergent to O in H, it follows that
{Jxn � Axn} is weakly convergent to O in H � H
1
• i.e.
liml I Axnl 
1 2 
= 0 and A is compact.
3. The mixing theorem.
Theorem 3.1. Let g-+ U , g-+ V be weakly continuous unitary
g g 
I 
representations of S on H, H respectively and let J be a con-
jugation of H. Let Q be the projection onto the subspace of 
I 
H � H of all elements invariant under g Then the 
following conditions are equivalent: 
(i) m[(Ugx,y) (Vgx' ,y')] = 0 for all x,y EH; x' ,y' E H
1
• 
(ii) Ug and Vg have no non-zero unitarily equivalent finite­
dimensional subrepresentations. 
(iii) Q = o. 
Proof. (i) -+ (iii). 
I I I x ,y EH , 
Assuming (i) we have for all �,y EH, 
J I I 
0 = m [ ( U Jx , Jy) ( V x , y ) I 
g g 
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= m [ ( ( u� � v g) ( Jx (2) x ' ) , Jy � y ' ) ] 
from which it follows by linearity and continuity that for all 
u,v E H � H
1
, 
m[((UJ � V )u,v)J = 0 = (Qu,v)
g g 
i.e. Q = 0 
(iii) � (i) is obtained by an obvious reverse argument.
(ij �(ii). · If (ii) fails then there exist non-zero finite-
dimensional subspaces M, M' of H, H
1 
respectively, and a unitary 
operator W: M � M
1 
such that for all g ES, Ug 
: M � M 1 and 
I I wu
g 
= v
g
w' let x,y EM and put x = Wx, y = Wy. By (i)
But since M is finite-dimensional, the function (U x,y) and hence 
g 
I (U x,y) 1 2 is almost periodic. 
g 
Hence (U
9
x,y) = 0 for all x,y
i.e. M = (0) a contradiction.
(ii) � (i). Fix x 0 EH, y 0 E H
1 
and as before define 
I 
A H � H by
By proposition 2.9, A is compact and 
By hypothesis U
g 
and V
g 
are unitary operators so that moreover
U A*= A*V 
g g 
from which we deduce that 
A*AU = U A*A 
g g 
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and AA*V = V A*Ag g 
We can write A = UH where H is the positive square root of A*A 
and U a partial isometry with associated subspaces 
X = cl(range(A*)) and X' = cl(range (A)). Then 
AA* = U(A*A)U* 
and since A is compact, so are AA* and A*A. 
Writing A*A = �A,P, for the spectral decomposition of A*A we have 
]_ ]_ 
AA* = �A.Q, for the decomposition of AA* where Q. = UP.U and the 
]_ ]_ l. ]_ 
projections Pi and Qi are finite dimensional if Ai i O. Moreover
for all g, Up, = P,U and V Q. = Q.V . But this means that g ]_ ]_ g g l. ]_ g 
U and V have unitarily equivalent (via U) finite dimensionalg g 
subrepresentations. By hypothesis then, A*A = 0 i.e. A =  0 and 
(i) is proved.
Remark. If Ug = Vg then it suffices to assume that Ug is an
isometric representation since the operator A may be chosen 
self-adjoint. In this case condition (i) may be replaced by 
(i') m[J(Ugx,y)J
2 I = 0 for all x,y E H.
In Dye's original theorem ( [3], theorem 1) where S is assumed 
amenable (i') reads 
( i II) J (U x,y) J is almost convergent to O for all x,y E H. 
g 
The equivalence between (i') and (i") follows from the uniqueness 
of the invariant mean m on the space V together with the fact that 
if n is a mean on CB(S) then 
( since it is easily shown that [n ( I f I ) ] 
2 
� n ( I f J 
2
) � 11 f I In ( I f I ) ) •
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We now indicate how to obtain a·more concrete form of the. 
mixing theorem. Suppose that (X, S, µ) is a finite measure space 
with µ(X) = 1 and that S is realized as a semigroup of invertible 
measure-preserving transformations on X under the map x -+ xSg in
-1such a way that g-+ µ(E n FS ) is continuous for all E,F ES. g 
Let Ug denote the associated unitary operator on L 2(X). Then 
g -+ Ug is a weakly continuous unitary anti-representation of S on
L 2(X). Similarly let x -+ xTg with associated Vg define another
anti-representation. The following conditions are then equivalent 
{i) m[µ(AnBs-1)µ(C n DT-1)1 = o for A,B,C,D ES g g 
(ii) the only non-zero unitarily equivalent finite-dimensional
subrepresentations of Ug and Vg are their restrictions (the identity)
to the subspace of constant functions. 
(iii) the semigroup of product transformations Sg x Tg on the
product space X x  X is ergodic. 
We omit the proof noting merely that it follows from theorem 
3.1 precisely as corollary 1 follows from theorem 1 in [3] and .that 
theorem 3.1 applies also to anti-representations. Specializing 
to the case of two invertible measure-preserving transformations, 
conditions (ii) and (iii) now imply the following corollary which 
generalizes Kronfeld's results in [71 and answers a conjecture 
he made. 
Corollary 3.2. Let S,T be ergodic invertible measure-preserving 
transformations on a finite measure space and let pcr(S), pcr(T} 
denote their point spectra. Then a necessary and sufficient 
condition that S x Tis ergodic is that pcr(S) n pcr(T) = {l}. 
In particular if Sis weakly mixing then S x Tis ergodic for all 
ergodic T. 
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In this last case even more can be said. I wish to thank 
Dr. P.H. Butler for pointing out the plausibility of the 
following 
Theorem 3.3. Let U ,V be unitary representations of Son H, H'. g g 
If U has no finite-dimensional subrepresentations, then neither g 
does u~ Gg V g. 
Proof. By hypothesis m [/ (U x,y)./ 2] = 0 for all x,y EH. It g 
suffices to show that m[/ ({UJ Gg V )u,v)./ 2 ] = 0 for all u,v EH~ H' g g 
and by linearity and continuity we need only show that 
i.e. 
m[/ ((UJ ~ V) (Jx ~ x') ,Jy ~ y')./ 2 ] = 0 for x,y EH, x' ,y' EH'. g g 
m[/(ux,y)(Vx',y')l 2 J =O g g 
But this follows easily from lemma 2.8 
Corollary 3.4. If Sand Tare invertible measure-preserving and if 
Sis weakly mixing, T ergodic then S x Tis weakly mixing. 
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